We investigate the properties of static and axisymmetric vacuum solutions of Einstein equations which generalize the Schwarzschild spherically symmetric solution to include a quadrupole parameter. We test all the solutions with respect to elementary and asymptotic flatness and curvature regularity. Analysing their multipole structure, according to the relativistic invariant Geroch definition, we show that all of them are equivalent up to the level of the quadrupole. We conclude that the q-metric, a variant of the Zipoy-Voorhees metric, is the simplest generalization of the Schwarzschild metric, containing a quadrupole parameter.
Introduction
Most applications of Einstein's gravity theory follow from the investigation of exact solutions of the corresponding field equations. In the case of relativistic astrophysics, asymptotically flat solutions in empty space are of particular importance in order to describe the physical properties of the exterior field of compact objects [1] . From a physical point of view, it is sufficient in this case to limit ourselves to static and stationary solutions which are axially symmetric. In addition, it is appropriate to classify them in accordance with certain criteria which permits a comparison of their main properties. Using the analogy with Newtonian gravity, we propose to classify them in terms of their multipole moments.
The problem of defining invariant multipole moments in general relativity was first solved by Geroch and Hansen (GH) [2, 3] , who proposed definitions for mass and spin multipoles of asymptotically flat space-times in vacuum. Moreover, Simon and Beig [4] and Thorne [5] defined relativistic multipole moments for stationary space-times. A proof of the equivalence between the GH moments and the Thorne systems was provided by Gürsel [6] . An elegant method to derive explicit expressions for the multipole moments of a given stationary and axially symmetric space-time with asymptotic flatness was found by Fodor et al. [7] using the Ernst formalism. This FHP method was generalized by Hoenselaers & Perjés [8] . Finally, Ryan [9] found an alternative method for deriving the relativistic multipole moments which has been intensively applied in relativistic astrophysics.
Although for the study of the gravitational field of relativistic compact objects it is necessary to consider stationary solutions that take into account the rotation of the source, in this work we will focus on the study of the static case to explore in detail the physical properties of the solutions which then will be generalized to the case of stationary fields. From a physical point of view, the most important multipoles of a mass distribution are the monopole and the quadrupole; in this work, we will focus our analysis on mainly these two multipoles.
The first solution with only monopole moment was derived by Schwarzschild in 1916 [10] , just a couple of months after the publication of the theory of general relativity. In 1917, Weyl found a class of static and axisymmetric solutions to the vacuum Einstein field equations [11, 12] . The first static solution with quadrupole moment which includes the Schwarzschild metric as special case was found by Erez & Rosen in 1959 [13, 14] . This quadrupolar solution was generalized to include an infinite mumber of multipole moments by Quevedo [15] . In 1966 and 1970, Zipoy [16] and Voorhees [17] found a transformation which allows us to generate new static solutions from known solutions. In particular, applying this transformation to the Schwarzschild metric, one obtains a new solution which, after a redefinition of the Zipoy-Voorhees parameter, was interpreted as the simplest static solution which generalizes the Schwarzschild metric and includes a quadrupole moment (q-metric) [18] . In 1985, Gutsunaev and Manko [19] found an exact solution with monopole and quadrupole moments which was shown in Quevedo [20] to have the same quadrupole as in the Erez-Rosen metric, but different contributions to higher relativistic multipole moments. In 1990, Manko [21] found a quadrupolar metric which can be interpreted as the nonlinear combination of the Schwarzschild monopole solution with the quadrupolar term of the Weyl solution. In 1994, Hernández-Pastora & Martín [22] derived two exact solutions with different monopole-quadrupole structures.
To our knowledge, the above list includes all known static and asymptotically flat solutions of Einstein's equations in empty space. The main goal of the present work is to investigate the most important physical properties of these solutions. In particular, we will analyse the elementary flatness condition, curvature singularities, multipole moments structure and the relationships between them. This paper is organized as follows. In §2, we present the general line element for static axisymmetric space-times and the corresponding vacuum field equations, and review the most general aymptotically flat solution in cylindrical coordinates discovered by Weyl. In §3, we present the solutions that contain the Schwarzschild space-time as a particular case and an additional parameter which determines the quadrupole of the gravitational source. Then, in §4, we investigate the conditions that the solutions must satisfy in order to be able to describe the exterior gravitational field of compact objects. Section 5 is devoted to the study of the multipole structure of the solutions. Finally, in §6, we discuss our results and present some initiatives for future works.
General properties of static and axisymmetric vacuum solutions
Although there exist in the literature many suitable coordinate systems, static axisymmetric gravitational fields are usually described in cylindrical coordinates (t, ρ, z, ϕ), following the seminal work of Weyl. Stationarity implies that there exists a time-like Killing vector field with components δ α t , i.e. t can be chosen as the time coordinate and the metric does not depend on time, ∂g αβ /∂t = 0. Axial symmetry, in addition, implies the existence of a space-like Killing vector field with components δ α ϕ , which commutes with the time-like Killing vector. The coordinates can then be chosen such that ∂g αβ /∂ϕ = 0, and the axis of symmetry corresponds to ρ = 0. Furthermore, if we assume that the time-like Killing vector is hypersurface-orthogonal, the space-time is static, i.e. it is invariant with respect to the transformation ϕ → −ϕ.
Furthermore, using the properties of staticity and axial symmetry, together with the vacuum field equations, for a general metric of the form g αβ = g αβ (ρ, z), it is possible to show that the most general line element for this type of gravitational field can be written in the Weyl-Lewis-Papapetrou form [1, 11, 23, 24] where ψ and γ are functions of ρ and z only. The vacuum field equations can be reduced to the following set of independent differential equations: 
where a n (n = 0, 1, . . .) are arbitrary real constants and P n (cos θ) represents the Legendre polynomials of degree n. The expression for the metric function γ can be obtained from the two first-order differential equations (2.3). Then
As this is the most general static, axisymmetric, asymptotically flat vacuum solution, it must contain all known solutions of this class. In particular, one of the most interesting special solutions, which is Schwarzschild's spherically symmetric black hole space-time, must be included as a special case. To see this, we must choose the constants a n in such a way that the infinite sum (2.4) converges to the Schwarzschild solution in cylindrical coordinates. A straightforward computation shows that
where m is the mass parameter [25] . Clearly, this representation is not appropriate to handle the Schwarzschild metric. It turns out that to investigate the properties of solutions with multipole moments, it is convenient to use prolate spheroidal coordinates (t, x, y, ϕ) in which the line element can be written as
where
and r 9) and the metric functions ψ, and γ depend on x and y, only. In this coordinate system, the field equations become
and
The simplest physically meaningful solution to the above system of differential equations is the Schwarzschild solution however, can be physically meaningful, in particular if we demand that they should describe the exterior field of realistic compact objects. To this end, it is necessary that the solutions satisfy the conditions of asymptotic flatness, elementary flatness and regularity. Asymptotic flatness means that, at spatial infinity, the solution reduces to the Minkowski metric, indicating that the gravitational field far away from the source is practically negligible. This is a consequence of the long-range property of the gravitational interaction. In the case of the static metric in prolate spheroidal coordinates (2.7), this condition implies that lim x→∞ ψ = const. and lim x→∞ γ = const., (2.13) where the constants can be set equal to zero by a suitable rescaling of the coordinates.
Elementary flatness is necessary in order to guarantee that near the rotation axis the geometry is Lorentzian, i.e. there are no conical singularities on the axis [1] . This condition can be expressed in an invariant manner by using the space-like Killing vector field η α = δ α ϕ as
A direct computation by using the general line element in prolate spheroidal coordinates shows that the elementary flatness condition is equivalent to demanding that
independently of the value of the spatial coordinate x. Finally, the regularity condition implies that the solution must be free of curvature singularities outside a region located near the origin of coordinates so that it can be covered by an interior solution. Curvature singularities can be detected by analysing the behaviour of curvature invariants. In general, the Riemann curvature tensor in four dimensions possesses 14 independent invariants. In the case of vacuum space-times, however, the Riemann tensor coincides with the Weyl tensor that has only four invariants which can be expressed as [26] 
where the dual is defined as
with αβλτ being the Levi-Civita symbol. The quadratic invariants K = I 1 and I 2 are usually known as the Kretschmann and the Chern-Pontryagin scalars, respectively. If any one of the four invariants happens to diverge at some particular place, it is said that there exists a curvature singularity at that place.
In the next section, we will investigate the properties of several exact solutions with monopole and quadrupole moment. In particular, we will find out if they satisfy all the conditions to be physically relevant in the sense that they can be used to describe the exterior gravitational field of compact objects.
Static vacuum metrics with quadrupole
As mentioned in the last section, the Weyl metric can be considered as the most general static and axisymmetric solution which contains an infinite number of parameters, representing all the multipole moments. Therefore, a particular choice of parameters could represent a solution with only mass and quadrupole. However, such a form of a metric with an infinite number of parameters is not very suitable to be applied in the case of realistic sources like compact astrophysical objects. For this reason, we consider now metrics which include only two independent parameters that can be interpreted as mass and quadrupole.
In 1959, Erez & Rosen [14] presented a solution which generalizes the Schwarzschild metric and contains an additional parameter q. In this case, the function ψ can be expressed as
The corresponding function γ ER cannot be expressed in a compact form and is given explicitly in appendix A. This solution was obtained by using the method of separation of variables for the function ψ. An explicit generalization which contains higher multipole moments was presented in 1989 by Quevedo [15] by using the same method.
In 1985, Gutsunayev & Manko [19] found a new static solution for the function ψ which is given by
and the function γ GM is given explicitly in appendix A. This solution was found by applying a particular differential operator to the Schwarzschild metric. This method was shown to be based upon the property that in Cartesian coordinates the derivatives of a harmonic function are also harmonic functions [20] . In 1990, Manko [21] found a different static solution in the form
which leads to a particular function γ M given in appendix A. The first term of this solution corresponds to the Schwarzschild metric, whereas the second term coincides with the quadrupolar term of the general Weyl solution in prolate spheroidal coordinates. Furthermore, in 1994, Hernández-Pastora & Martín [22] derived two different exact solutions which can be written as
Here we have corrected several typos which are present in the original publications. The corresponding functions γ HM1 and γ HM2 have quite a complicated structure which we present explicitly in appendix A. Finally, in 1966 and 1970, Zipoy [16] and Voorhees [17] , respectively, found a particular symmetry of the vacuum field equations, and derived a transformation which can be used to generate new solutions from known solutions. In the case of the Schwarzschild metric, the new solution can be expressed simply as
where δ is an arbitrary real constant. This solution is also known as the δ-metric of the γ -metric for notational reasons [27] . Later on, in 2011, this metric was reinterpreted as a quadrupolar metric and renamed as the q-metric [18] which in spherical coordinates can be transformed into the simple form
It is easy to see that all the above solutions represent a generalization of the Schwarzschild metric which is obtained in the limiting case q → 0. To our knowledge, the solutions presented above are the only exact solutions that generalize the Schwarzschild monopole solution and satisfy the conditions expected from a metric that describes a realistic gravitational field. 
Physical conditions
All the solutions presented in the last section are asymptotically flat because at spatial infinity they behave as
which determine the Minkowski metric, independently of the value of y. Note, moreover, that this condition is satisfied for all finite values of the independent parameters m and q. This means that, for any finite values of the monopole and quadrupole moments, the solutions presented in the last section are asymptotically Minkowski. As mentioned above, the condition that no conical singularities exist on the symmetry axis (2.14) in prolate spheroidal coordinates becomes lim
An inspection of the γ function for the Erez-Rosen, Gutsunayev-Manko and Manko solutions and the q-metric, mentioned in the last section, shows that this condition is always satisfied, independently of the value of x, indicating that all of them are elementary flat. In the case of the Hernández-Martín (HM) solutions, however, a direct computation shows that they are elementary flat only for positive values of the coordinate x. In spherical coordinates, this means that the HM solutions are well defined only outside the radius r = 2m. A geometric and physical analysis inside the horizon r = 2m is possible only by considering the presence of conical singularities along the symmetry axis.
We now analyse the regularity condition by using first the Kretschmann scalar K = R αβγ δ R αβγ δ . Fist, we consider the Schwarzschild metric (2.12) for which we obtain
This expression is singular only for x = −1 (r = 0), indicating the well-known fact that the Schwarzschild space-time is singular only at the origin of coordinates.
Another example of a solution that can be investigated analytically is the q-metric. In this case, all the calculations can be performed explicitly and the resulting Kretschmann scalar reads
First, we see that, for all values of q, there is always a singularity at x = −1. Moreover, we have two possible divergences at x = 1 and x = ±y. These divergent factors can only be cancelled by the function p, but it does not vanish for x = 1 or x = ±y for arbitrary values of q, except for q = −2. In this case, one has p(x, y; −2) = (x + 1) 2 (x 2 − y 2 ) so that independently of the value of the parameters m, q and the coordinate θ. The remaining radii represent singularities which are not always present, but depend on the value of q or the coordinate θ. We see that only the q-metric is characterized by a completely singular horizon at r = 2m, representing the outermost singularity, which is the only one that can be observed by an exterior observer. In the remaining cases, the Schwarzschild horizon remains partially regular, implying that for certain values of q, it is possible to observe the singularity located at the origin of coordinates. Finally, we mention that the analysis of the remaining three curvature invariants does not lead to additional singularities.
Multipole moments
Using the original definition formulated by Geroch [2] , the calculation of multipole moments is quite laborious. Fodor et al. [7] found a relation between the Ernst potential [28, 29] and the multipole moments which facilitates the computation. In the case of static axisymmetric space-times, the Ernst potential is defined as
The idea is that the multipole moments can be obtained explicitly from the values of the Ernst potential on the axis by using the following procedure. On the axis of symmetry y = 1, we can introduce the inverse of the Weyl coordinate z asz
If we now introduce the inverse potential as
the multipole moments can be calculated as
where the additional terms d n must be determined from the original Geroch definition. The main point now is that the first term m n is completely determined by the n-th derivative of the inverse Ernst potential ξ , whereas the second term d n depends on the derivatives of order less than n, so that the moment M n can be calculated explicitly once all the derivatives of order n or less are known. In appendix C, we include the explicit expressions for the first 10 additional terms. In this manner, it is easy to show that for the Schwarzschild space-time the multipole moments are given as 
A comparison of these results show that all the above solutions are equivalent up to the quadrupole moment. Indeed, a simple redefinition of the parameter q which enters all the metrics leads to equivalent values for the monopole and quadrupole moments. We see, however, that differences appear between all the solutions at the level of higher moments. The particularity of the first and second Hernández-Martín solutions is that by choosing the form of the metric ψ HM appropriately, the multipoles M 4 and M 6 can be made to vanish identically. This means that, by following the same procedure, it is possible to generate a solution with only monopole and quadrupole moments. In all the remaining solutions, contributions of higher multipoles are always present.
We conclude that from the point of view of the monopole-quadrupole structure all the solutions presented in §3 are physically equivalent.
Conclusion
In this work, we analysed all the exact solutions of Einstein's vacuum field equations which contain the Schwarzschild solution as a particular case and, in addition, possess an arbitrary parameter which determines the quadrupole of the gravitational source. In particular, we studied the ErezRosen, Gutsunayev-Manko, Manko, Hernández-Pastora solutions and the q-metric, obtained from the Schwarzschild by applying a Zipoy-Voorhees transformation.
First, we established that all the above solutions are asymptotically and elementary flat. This means that at infinity the gravitational field strength is negligible, and the rotation axis is free of conical singularities, respectively. We performed also a detailed analysis of the Kretschmann scalar to determine the curvature singularity structure of these space-times. We found that in general there are three types of naked singularities which are located at the origin of coordinates r = 0, between the origin and the Schwarzschild horizon r = m(1 ± cos θ) and on the horizon r = 2m, where m is the mass of the gravitational source. The main difference is that only in the case of the q-metric, the outermost singularity located at r = 2m exists for all values of the parameters m and q and the coordinate θ. For all the remaining metrics, the second and third singularities exist only for certain specific values of q or θ. This means that, in principle, it is possible to observe the interior singularities located at r = 0 and r = m(1 ± cos θ), which is not possible in the case of a space-time described by the q-metric. Suppose that we want to use an interior solution to 'cover' the naked singularities generated by the quadrupole. In the case of the q-metric, the surface of the interior mass distribution can be located anywhere outside the outermost singularity situated at r = 2m. In the case of all the remaining exterior metrics, the surface of the interior distribution can have even a zero radius for certain values of the quadrupole parameter.
The study of the multipole moments of all the solutions shows that by choosing the quadrupole parameter appropriately all of them are characterized by the same mass and quadrupole, although differences can appear at the level of higher multipoles. This means that all the solutions can be used to describe the exterior gravitational field of a distorted mass distribution with quadrupole moment.
Our results show that all the solutions analysed in this work are equivalent from the physical point of view in the sense that they satisfy all the conditions that are necessary to describe the exterior gravitational field of realistic compact objects. Nevertheless, from a practical point of view the q-metric presents certain advantages over the remaining metrics. Indeed, the mathematical structure of this metric is very simple which facilitates its study. For instance, when searching for interior solutions with quadrupole that could be matched with an exterior quadrupolar metric, one certainly would try first the q-metric because of its simplicity.
To completely describe the gravitational field of realistic compact objects with quadrupole, it is necessary to take the rotation into account. Moreover, a suitable interior solution is also necessary in order to describe the entire space-time, as required in general relativity. In particular, the specification of an appropriate relativistic matter model is essential in order to end up with a well-posed mathematical problem [30] . Owing to the mathematical complexity of the inner field equations and the matching conditions, it would be easier to start with the simplest possible case which can be handled analytically. Our results show that the q-metric is the best candidate for this task. We expect to explore this problem in future works. contributed in all sections, mainly in §5, appendices A and C, and revised the relevant texts in the draft. P.A.S. contributed in §4, appendices A and B, and revised the relevant texts in the draft. All the authors gave their final approval for publication.
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Appendix A. The function γ for metrics with quadrupole
In the case of the Erez-Rosen metric, the function γ takes the form
For the Gutsunayev-Manko solution, the function γ can be expressed as 
The Hernández-Pastora-Martín solutions are complemented by the following γ functions:
and 
where P is a polynomial function in each of its arguments, and ∂ m ψ and ∂ m γ represent the m-th derivatives of ψ and γ with respect to x and y. The field equations for γ can be used to express all the first and second derivatives of γ in terms of those of ψ. Using these relations, the Kretschmann scalar becomes
where P is also a polynomial function in each of its arguments. The explicit forms of the polynomial functions P and P are not given here because they involve very long expressions which do not provide any insight for the present analysis. We see that, when written in this form, the Kretschmann scalar shows only one singularity when x 2 − y 2 = 0. Nevertheless, the behaviour of the polynomial function and the exponential factor could cancel this divergence or introduce new ones. For metrics whose function ψ depends on both x and y, the analysis of the Kretschmann scalar reduces to the analysis of the polynomial P(x, y, ∂ψ, ∂ 2 ψ) and the exponential e 4(ψ−γ ) and their relationship with the factor (x 2 − y 2 ) −4 . The Schwarzschild metric serves as a guide mark to see what kind of behaviour to expect from the polynomial and exponential factors in K. In this case, the metric functions are given by equations (2.12) that correspond to e 4(ψ−γ ) = (x + 1) −4 (x 2 − y 2 ) 2 and P(x, y; ∂ψ, ∂ 2 ψ) = (x + 1) −2 (x 2 − y 2 ) 2 , leading to the scalar (4.3). This means that both the exponential and the polynomial factors contribute to generate the divergence at x = −1, and also to cancel out the original factor that diverges at x = ±y.
In the case of other static axisymmetric metrics, the exponential and the polynomial factors produce new divergent factors or factors that cancel the original divergent factor. Let us consider in detail the case of the Erez-Rosen metric. The exponential and polynomial factors are π n (x, y; q)(ln(x − 1)/(x + 1)) n ] (x + 1) 2(q 2 +2q+3) (x − 1) 2(q+1) 2 (x 2 − y 2 ) −2q 2 −4q+1 .
For the particular cases q = 0, q = −1 and q = −2, the factor 6 n=0 p n (x, y; q) (ln(x − 1)/(x + 1)) n vanishes for x = ±1, or x = ±y. Indeed, for q = 0, we have that 6 n=0 p n (x, y; 0) (ln((x − 1)/(x + 1))) n = p 0 (x, y; 0) = (x − 1) 2 (x 2 − y 2 ), and using also that π n (x, y; 0) = 0, we obtain K ER | q=0 = (48/σ 4 )(1/(x + 1) 6 ), which corresponds to the Kretschmann scalar of the Schwarzschild metric, as expected. For q = −1, it turns out that all the polynomials p n (x, y; −1) have roots at x = ±y with multiplicity two for 0 ≤ n ≤ 3 and multiplicity three for n ≥ 4. Therefore, the term (x 2 − y 2 ) 2 is cancelled with the one in the denominator and the Kretschmann scalar turns out to be .
For q = −2, the polynomials p n (x, y; −2) have roots at x = ±y, but now with multiplicity one for 0 ≤ n ≤ 4, multiplicity two for n = 5 and multiplicity three for n = 6. Then, in a similar way, the term x 2 − y 2 is cancelled so that 
